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We present a three-dimensional model describing the propagation of elastic waves in a soil sub-
strate supporting an array of cylindrical beams experiencing flexural and compressional resonances.
The resulting surface waves are of two types. In the sagittal plane, hybridized Rayleigh waves can
propagate except within bandgaps resulting from a complex interplay between flexural and com-
pressional resonances. We exhibit a wave decoupled from the hybridized Rayleigh wave which is the
elastic analogue of electromagnetic spoof plasmon polaritons. This wave with displacements per-
pendicular to the sagittal plane is sensitive only to flexural resonances. Similar, yet quantitatively
different, physics is demonstrated in a two-dimensional setting involving resonances of plates.
Surface elastic waves can propagate in a soil substrate
supporting a periodic array of resonating elements. This
has been chiefly demonstrated in the GHz regime with
resonant pillars of typically 1/10 micrometer scale [1–4].
Considering meter length scale the frequency range falls
in the spectrum of seismic waves and in this context, an
array of beams on a soil substrate is the canonic idealized
configuration used in seismology to illustrate the problem
of ”site-city interaction” [5]. From a theoretical point of
view, most of the models encapsulate the behavior of
the resonators with a single or multi-degree of freedom
system, resulting in effective boundary conditions of the
Robin type for the soil on its own [6–8]. On the basis
of these models new devices of seismic metasurfaces have
been shown to efficiently shield Rayleigh [9–14] and Love
[15–17] waves. In most cases, only the compressional
resonances of the resonators were considered. In a recent
work, the case of flexural resonances of beams has been
considered [18]. However, the study does not address the
configuration of beams in perfect contact with the soil
and merely considers motions in the sagittal plane due
to flexural resonances.
In this Letter we consider this realistic configuration
and we propose a model able to account for both fle-
xural and compressional resonances in three dimensions,
see Figure 1. In the sagittal plane, hybridized Rayleigh
waves are found whose dispersion results from a complex
interplay between both types of resonances; in particular
two Rayleigh waves can coexist at the same frequency. In
addition, a surface wave with displacements perpendic-
ular to the sagittal plane appears to be the elastic ana-
log of spoof plasmon polaritons (SPPs) in electromag-
netism [19] with a dispersion governed by the flexural
resonances only. The two-dimensional case of an array
rb
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FIG. 1: Soil substrate supporting an array of beams with
flexural and compressional resonances. Hybridized Rayleigh
waves with motions in the sagittal plane (blue arrows show
the displacements in the sagittal plan) and out-of-plane elastic
SPPs (green arrows).
of parallel plates can be modelled almost identically and
unveils important quantitative differences with the three-
dimensional case.
We denote (ρb, Eb, νb) the mass density, Young’s modu-
lus and the Poisson ratio of the beams; (ρS, λS, µS) are the
mass density and the two Lame´’s coefficients of the elas-
tic soil substrate. When slender beams are considered,
meaning that their radius rb is much smaller than their
height hb, a reduction of model from three dimensions
to one (vertical) dimension is possible and this results in
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X
iv
:2
00
1.
06
30
4v
1 
 [p
hy
sic
s.c
om
p-
ph
]  
15
 Ja
n 2
02
0
2the well-known equations
∂4Uα
∂z4
− κ4Uα = 0, α = x, y,
∂2Uz
∂z2
+K2Uz = 0,
(1)
where Uα, α = x, y, are the horizontal displacements in
the region of the beams and Uz the vertical displacement,
see e.g. [13, 18]. In (1), the wavenumbers κ =
(
4ρbω
2
Ebr2b
)1/4
and K = ω
√
ρb
Eb
are associated with flexural and com-
pressional resonances respectively. These equations have
to be supplied with boundary conditions at the top of
the beams and at their junction with the soil substrate.
In the actual problem stress-free boundary condition ap-
ply at the top of the beams and the continuity of the
displacements and of the normal stresses applies at the
beam/soil interface. In the reduced model, this leads to
clamped-free effective boundary conditions namely
at z = 0 : Uα = uα,
∂Uα
∂z
= 0, Uz = uz,
σzα = −θEb r
2
b
4
∂3Uα
∂z3
, σzz = θEb
∂Uz
∂z
,
at z = hb
∂2Uα
∂z2
=
∂3Uα
∂z3
= 0,
∂Uz
∂z
= 0,
(2)
where (uα, uz) are the displacements in the soil,
(σzα, σzz) the associated normal stress and θ the cross-
sectional area ratio of beam or plate in the unit cell of
horizontal extent a, see Table I. It is worth noting that
such conditions can be either postulated as in [18] or de-
rived using asymptotic analysis combined with homoge-
nization [16, 17, 20].
The conditions of prescribed displacements and zero
rotation at z = 0 together with the conditions of free ro-
tation and free horizontal displacements at z = hb make
it possible to set the problem in the beams as two decou-
pled linear problems on Uα and Uz with respect to uα|z=0
and uz |z=0 respectively. Denoting ω0 the characteristic
flexural frequency and ε the coupling parameter
ω0 =
1
Shb
√
Eb
ρb
, ε =
θ
S
√
ρbEb
ρSµS
, (3)
where θ and S are given in table I (beams), we introduce
the dimensionless frequency Ω = ω/ω0 = (κhb)
2.
slenderness S filling fraction θ
3D (beams) S = 2hb/rb θ = pir2b/a2
2D (plates) S =√3(1− ν2b)hb/rb θ = 2rb/a
TABLE I: Slenderness S and filling fraction θ for beams and
plates (with a the array spacing) entering in (3) resulting in
the same modelling (4).
From (1)-(2), boundary conditions of the Robin’s type
are found for the substrate on its own σxα(x, 0) = µSkTε fF(Ω) uα(x, 0), α = x, y
σzz(x, 0) = µSkTε fC(Ω) uz(x, 0),
(4)
where kT = ω/cT (cT =
√
µS/ρS) and
fF(Ω) =
√
Ω
sin
√
Ω cosh
√
Ω + cos
√
Ω sinh
√
Ω
1 + cosh
√
Ω cos
√
Ω
,
fC(Ω) = S tan (Ω/S) ,
(5)
being the impedance functions encapsulating the flexural
and compressional resonances of the beams.
We are looking for a surface wave evanescent for z →
−∞ and propagating along the interface z = 0 with a
wavevector k = kn (n = nxex+nyey, (ex, ey) being the
unit vectors along x and y, and n2x + n
2
y = 1). The so-
lution is written in terms of the elastic potentials (ϕ,ψ),
such that u = < [∇ϕ+∇×ψ], with ∇ ·ψ = 0. Making
use of the isotropy of the medium, we define
ϕ(x, z) = − iA
k
ekαLz+ik·x,
ψ(x, z) =
1
k
(Bnn+Btt+ iBzez) e
kαTz+ik·x,
(6)
with Bn+αTBz = 0, and where t = −nyex+nxey. With
β the ratio of the celerities of the Rayleigh wave c and of
the bulk shear wave cT, we have
β =
kT
k
, 1− α2T = β2, 1− α2L = ξβ2, (7)
where ξ = µS/(λS + 2µS). The resulting expressions
of (uα, uz), (σzα, σzz) along with (4) provide two de-
coupled systems, on the displacements (un, uz) (with
un = nxux + nyuy and σn = nxσxz + nyσyz the as-
sociated stress) and on the out-of-plane displacement
ut = −nyux + nxuy and σt = −nyσxz + nxσyz the as-
sociated stress. The displacements (un, uz) in the sagit-
tal plane correspond to hybridized Rayleigh waves whose
dispersion relation reads
(
1 + α2T
)2 − 4αTαL + Cε(β,Ω) = 0,
Cε(β,Ω) = εβ
3 [fCαL + fFαT] + ε
2β2fCfF (αLαT − 1) .
(8)
(where f stands for f(Ω)). The displacement ut perpen-
dicular to the sagittal plane is associated with a surface
wave whose dispersion
β =
1√
1 + ε2f2F (Ω)
, fF(Ω) ≥ 0, (9)
is the elastic analog of electromagnetic spoof plasmons
[19]. Interestingly, such a wave has been announced in
3a similar setting involving Love waves in the presence
of a guiding layer (see Fig. 11 in [16]). As one would
expect for ε = 0, the classical Rayleigh waves is recov-
ered, see (8), and the elastic SPP disappears, see (9)
(with k = kT). Next, neglecting the flexural resonances
(fF = 0) produces Cε = εβ
3αLfC in agreement with [13].
Eventually, considering the flexural resonances in a fre-
quency range well below the first longitudinal resonance
gives fC(Ω) ∼ Ω in agreement with [20].
From now on, we set the physical parameters as fol-
lows: ES = 0.1 GPa, ρS = 10
3 kg.m−3 and Eb = 10ES,
ρb = 10ρS; νS = νb = 0.3 (hence ξ ' 0.28). Next,
rb = 0.25 m and a = 1 m and we consider hb = 30,
15 and 6 m. The resulting parameters entering in (3)
and (4) are given in Table II according to Table I.
hb = 30 m 15 m 6 m
3D
ω0 = 0.04 rad.s
−1
ε = 1.3 10−2
S = 240
ω0 = 0.17 rad.s
−1
ε = 2.6 10−2
S = 120
ω0 = 1.1 rad.s
−1
ε = 6.6 10−2
S = 48
2D
ω0 = 0.05 rad.s
−1
ε = 3.8 10−2
S = 210
ω0 = 0.21 rad.s
−1
ε = 8.1 10−2
S = 102
ω0 = 1.33 rad.s
−1
ε = 20.3 10−2
S = 40
TABLE II: Reference frequency ω0 (Ω = ω/ω0) and dimen-
sionless coupling parameter ε and slenderness S entering in
(4)-(5) for beams (3D) and plates (2D), see Table I.
We report in figure 2 the dispersion relations β(Ω) of
the hybridized Rayleigh waves (blue lines) for decreas-
ing beam heights hb while keeping constant the range
Ω ∈ (0, 200). This allows to keep the first 6 flexural reso-
nances at constant values Ω = 3.5, 22.0, 61.8, 75.3, 120.9
and 199.8 corresponding to (1 + cos
√
Ω cosh
√
Ω) = 0.
Within this interval, the dimensionless compressional fre-
quencies ΩC =
(2n+1)pi
2 S, n = 0, 1, · · · , decrease linearly
with hb while their frequencies ωC =
√
Eb
ρb
(2n+1)pi
2hb
in-
crease (but more slowly than the flexural resonance fre-
quencies). For a large slenderness hb = 30 m, the first
longitudinal resonance is sent to Ω ' 377 (ωC = 16.5
Hz) hence fC(Ω) ' Ω in (8). In this case, it is easy to
see that the (n + 1)th branch , n = 1, · · · , of hybridized
Rayleigh wave appears (for β = 1) before the nth branch
has reached its asymptote (for β = 0). The salient con-
sequence is that the branches n and (n + 1) coexist be-
low the nth flexural resonance frequency. Decreasing the
slenderness with hb = 15 m and 6 m leads to the ap-
pearance of the first compressional resonance frequency
at ΩC = 188.5 (ωC = 33.1 Hz) and ΩC = 75.4 (ωC = 82.8
Hz). In these cases, relatively small bandgaps (light blue
regions ) are opened within the large bandgap dictated
by the compressional resonance on its own (light red re-
gions), revealing the interplay between the two types of
resonances. Incidentally, as it is the rule, these intrin-
sic bandgaps (independent of the array spacing a) can
1
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<latexit sha1_base64="5mYUOUymVgUg3BFR6u8Av/Go1nA=">AAACxHicjVHLSsNAFD 2Nr1pfVZdugkVwVZJa0GVBEJct2AfUIsl0WofmxWQilKI/4Fa/TfwD/QvvjCmoRXRCkjPn3nNm7r1+EohUOc5rwVpaXlldK66XNja3tnfKu3udNM4k420WB7Hs+V7KAxHxthIq4L1Eci /0A971J+c63r3jMhVxdKWmCR+E3jgSI8E8RVTLuSlXnKpjlr0I3BxUkK9mXH7BNYaIwZAhBEcERTiAh5SePlw4SIgbYEacJCRMnOMeJdJmlMUpwyN2Qt8x7fo5G9Fee6ZGzeiUgF5JSh tHpIkpTxLWp9kmnhlnzf7mPTOe+m5T+vu5V0iswi2xf+nmmf/V6VoURjgzNQiqKTGMro7lLpnpir65/aUqRQ4JcRoPKS4JM6Oc99k2mtTUrnvrmfibydSs3rM8N8O7viUN2P05zkXQqV Xdk2qtVa806vmoizjAIY5pnqdo4BJNtI33I57wbF1YgZVa2WeqVcg1+/i2rIcPvSWPKw==</latexit>
 
=
c c T
<latexit sha1_base64="sVU8gWcKaxF58p9uwUllnH2WTW8="></latexit>
1
<latexit sha1_base64="cMA3XUBA+Xo+SK5WmTqRBCtmIVk=">AAACxHicjVHLSsNAFD 2Nr1pfVZdugkVwVZJa0GVBEJct2AfUIsl0WofmRWYilKI/4Fa/TfwD/QvvjCmoRXRCkjPn3nNm7r1+EgipHOe1YC0tr6yuFddLG5tb2zvl3b2OjLOU8TaLgzjt+Z7kgYh4WwkV8F6Sci /0A971J+c63r3jqRRxdKWmCR+E3jgSI8E8RVTLvSlXnKpjlr0I3BxUkK9mXH7BNYaIwZAhBEcERTiAB0lPHy4cJMQNMCMuJSRMnOMeJdJmlMUpwyN2Qt8x7fo5G9Fee0qjZnRKQG9KSh tHpIkpLyWsT7NNPDPOmv3Ne2Y89d2m9Pdzr5BYhVti/9LNM/+r07UojHBmahBUU2IYXR3LXTLTFX1z+0tVihwS4jQeUjwlzIxy3mfbaKSpXffWM/E3k6lZvWd5boZ3fUsasPtznIugU6 u6J9Vaq15p1PNRF3GAQxzTPE/RwCWaaBvvRzzh2bqwAkta2WeqVcg1+/i2rIcPv4WPLA==</latexit>
0
<latexit sha1_base64="5mYUOUymVgUg3BFR6u8Av/Go1nA=">AAACxHicjVHLSsNAFD 2Nr1pfVZdugkVwVZJa0GVBEJct2AfUIsl0WofmxWQilKI/4Fa/TfwD/QvvjCmoRXRCkjPn3nNm7r1+EohUOc5rwVpaXlldK66XNja3tnfKu3udNM4k420WB7Hs+V7KAxHxthIq4L1Eci /0A971J+c63r3jMhVxdKWmCR+E3jgSI8E8RVTLuSlXnKpjlr0I3BxUkK9mXH7BNYaIwZAhBEcERTiAh5SePlw4SIgbYEacJCRMnOMeJdJmlMUpwyN2Qt8x7fo5G9Fee6ZGzeiUgF5JSh tHpIkpTxLWp9kmnhlnzf7mPTOe+m5T+vu5V0iswi2xf+nmmf/V6VoURjgzNQiqKTGMro7lLpnpir65/aUqRQ4JcRoPKS4JM6Oc99k2mtTUrnvrmfibydSs3rM8N8O7viUN2P05zkXQqV Xdk2qtVa806vmoizjAIY5pnqdo4BJNtI33I57wbF1YgZVa2WeqVcg1+/i2rIcPvSWPKw==</latexit>
 
=
c c T
<latexit sha1_base64="sVU8gWcKaxF58p9uwUllnH2WTW8="></latexit>
1
<latexit sha1_base64="cMA3XUBA+Xo+SK5WmTqRBCtmIVk=">AAACxHicjVHLSsNAFD 2Nr1pfVZdugkVwVZJa0GVBEJct2AfUIsl0WofmRWYilKI/4Fa/TfwD/QvvjCmoRXRCkjPn3nNm7r1+EgipHOe1YC0tr6yuFddLG5tb2zvl3b2OjLOU8TaLgzjt+Z7kgYh4WwkV8F6Sci /0A971J+c63r3jqRRxdKWmCR+E3jgSI8E8RVTLvSlXnKpjlr0I3BxUkK9mXH7BNYaIwZAhBEcERTiAB0lPHy4cJMQNMCMuJSRMnOMeJdJmlMUpwyN2Qt8x7fo5G9Fee0qjZnRKQG9KSh tHpIkpLyWsT7NNPDPOmv3Ne2Y89d2m9Pdzr5BYhVti/9LNM/+r07UojHBmahBUU2IYXR3LXTLTFX1z+0tVihwS4jQeUjwlzIxy3mfbaKSpXffWM/E3k6lZvWd5boZ3fUsasPtznIugU6 u6J9Vaq15p1PNRF3GAQxzTPE/RwCWaaBvvRzzh2bqwAkta2WeqVcg1+/i2rIcPv4WPLA==</latexit>
0
<latexit sha1_base64="5mYUOUymVgUg3BFR6u8Av/Go1nA=">AAACxHicjVHLSsNAFD 2Nr1pfVZdugkVwVZJa0GVBEJct2AfUIsl0WofmxWQilKI/4Fa/TfwD/QvvjCmoRXRCkjPn3nNm7r1+EohUOc5rwVpaXlldK66XNja3tnfKu3udNM4k420WB7Hs+V7KAxHxthIq4L1Eci /0A971J+c63r3jMhVxdKWmCR+E3jgSI8E8RVTLuSlXnKpjlr0I3BxUkK9mXH7BNYaIwZAhBEcERTiAh5SePlw4SIgbYEacJCRMnOMeJdJmlMUpwyN2Qt8x7fo5G9Fee6ZGzeiUgF5JSh tHpIkpTxLWp9kmnhlnzf7mPTOe+m5T+vu5V0iswi2xf+nmmf/V6VoURjgzNQiqKTGMro7lLpnpir65/aUqRQ4JcRoPKS4JM6Oc99k2mtTUrnvrmfibydSs3rM8N8O7viUN2P05zkXQqV Xdk2qtVa806vmoizjAIY5pnqdo4BJNtI33I57wbF1YgZVa2WeqVcg1+/i2rIcPvSWPKw==</latexit>
 
=
c c T
<latexit sha1_base64="sVU8gWcKaxF58p9uwUllnH2WTW8="></latexit>
⌦<latexit sha1_base64="w30CKn2MFcOXlQRI9A4BOPZI2E8=">AAACyXicjVHLSsNAFD 2Nr1pfVZdugkVwVZIq2GXBjeDCCvYBrcgkndaxeZlMxFpc+QNu9cfEP9C/8M6YglpEJyQ5c+49Z+be60SeSKRlveaMmdm5+YX8YmFpeWV1rbi+0UzCNHZ5ww29MG47LOGeCHhDCunxdh Rz5jsebznDQxVv3fA4EWFwJkcRP/fZIBB94TJJVLN74vMBuyiWrLKllzkN7AyUkK16WHxBFz2EcJHCB0cASdgDQ0JPBzYsRMSdY0xcTEjoOMc9CqRNKYtTBiN2SN8B7ToZG9BeeSZa7d IpHr0xKU3skCakvJiwOs3U8VQ7K/Y377H2VHcb0d/JvHxiJS6J/Us3yfyvTtUi0UdV1yCopkgzqjo3c0l1V9TNzS9VSXKIiFO4R/GYsKuVkz6bWpPo2lVvmY6/6UzFqr2b5aZ4V7ekAd s/xzkNmpWyvVeunO6XatVs1HlsYRu7NM8D1HCEOhrkfYVHPOHZODaujVvj7jPVyGWaTXxbxsMHcueRdg==</latexit>
0
<latexit sha1_base64="5mYUOUymVgUg3BFR6u8Av/Go1nA=">AAACxHicjVHLSsNAFD 2Nr1pfVZdugkVwVZJa0GVBEJct2AfUIsl0WofmxWQilKI/4Fa/TfwD/QvvjCmoRXRCkjPn3nNm7r1+EohUOc5rwVpaXlldK66XNja3tnfKu3udNM4k420WB7Hs+V7KAxHxthIq4L1Eci /0A971J+c63r3jMhVxdKWmCR+E3jgSI8E8RVTLuSlXnKpjlr0I3BxUkK9mXH7BNYaIwZAhBEcERTiAh5SePlw4SIgbYEacJCRMnOMeJdJmlMUpwyN2Qt8x7fo5G9Fee6ZGzeiUgF5JSh tHpIkpTxLWp9kmnhlnzf7mPTOe+m5T+vu5V0iswi2xf+nmmf/V6VoURjgzNQiqKTGMro7lLpnpir65/aUqRQ4JcRoPKS4JM6Oc99k2mtTUrnvrmfibydSs3rM8N8O7viUN2P05zkXQqV Xdk2qtVa806vmoizjAIY5pnqdo4BJNtI33I57wbF1YgZVa2WeqVcg1+/i2rIcPvSWPKw==</latexit>
120
<latexit sha1_base64="7LuB57jKD7h/rc2wwC+IXTGITXQ=">AAACxnicjVHLSsNAFD 3GV62vqks3wSK4Kkkt6LLgpsuK9gG1SDKd1tC8mEyUUgR/wK1+mvgH+hfeGaegFtEJSc6ce8+Zuff6aRhk0nFeF6zFpeWV1cJacX1jc2u7tLPbzpJcMN5iSZiIru9lPAxi3pKBDHk3Fd yL/JB3/PGZinduuciCJL6Uk5T3I28UB8OAeZKoC7fqXJfKTsXRy54HrgFlmNVMSi+4wgAJGHJE4IghCYfwkNHTgwsHKXF9TIkThAId57hHkbQ5ZXHK8Igd03dEu55hY9orz0yrGZ0S0i tIaeOQNAnlCcLqNFvHc+2s2N+8p9pT3W1Cf994RcRK3BD7l26W+V+dqkViiFNdQ0A1pZpR1THjkuuuqJvbX6qS5JASp/CA4oIw08pZn22tyXTtqreejr/pTMWqPTO5Od7VLWnA7s9xzo N2teIeV6rntXK9ZkZdwD4OcETzPEEdDTTRIu8RHvGEZ6thxVZu3X2mWgtGs4dvy3r4APRqj6I=</latexit>
200
<latexit sha1_base64="c/l8MyrOBhDudVWeekSluhmkvBo=">AAACxnicjVHLSsNAFD3GV62vqks3wSK4Kkkt6LLgpsuK9gG1SDKd1tC8mEyUUgR/wK1+mvgH+hfeGaegFtEJSc6c e8+Zuff6aRhk0nFeF6zFpeWV1cJacX1jc2u7tLPbzpJcMN5iSZiIru9lPAxi3pKBDHk3FdyL/JB3/PGZinduuciCJL6Uk5T3I28UB8OAeZKoi6rjXJfKTsXRy54HrgFlmNVMSi+4wgAJGHJE4IghCYfwkNHTgwsHKXF9TIkThAId57hHkbQ5ZXHK8Igd03dEu55hY9orz0yrGZ0S0itIaeOQNAnlCcLqNFvHc+2s2N+8p9pT3W1Cf994RcRK3BD7l26W+V+dqkViiFNdQ0A1pZpR 1THjkuuuqJvbX6qS5JASp/CA4oIw08pZn22tyXTtqreejr/pTMWqPTO5Od7VLWnA7s9xzoN2teIeV6rntXK9ZkZdwD4OcETzPEEdDTTRIu8RHvGEZ6thxVZu3X2mWgtGs4dvy3r4APIKj6E=</latexit>40
<latexit sha1_base64="NFm6n7skeVznEdNxecuzTaDDMS8=">AAACxXicjVHLSsNAFD 2Nr/quunQTLIKrktSCLgsudFnFPqAWSabTGpoXk0mhFPEH3OqviX+gf+GdcQpqEZ2Q5My595yZe6+fhkEmHee1YC0sLi2vFFfX1jc2t7ZLO7utLMkF402WhIno+F7GwyDmTRnIkHdSwb 3ID3nbH52peHvMRRYk8bWcpLwXecM4GATMk0Rd1ZzbUtmpOHrZ88A1oAyzGknpBTfoIwFDjggcMSThEB4yerpw4SAlrocpcYJQoOMc91gjbU5ZnDI8Ykf0HdKua9iY9soz02pGp4T0Cl LaOCRNQnmCsDrN1vFcOyv2N++p9lR3m9DfN14RsRJ3xP6lm2X+V6dqkRjgVNcQUE2pZlR1zLjkuivq5vaXqiQ5pMQp3Ke4IMy0ctZnW2syXbvqrafjbzpTsWrPTG6Od3VLGrD7c5zzoF WtuMeV6mWtXK+ZURexjwMc0TxPUMcFGmiS9wCPeMKzdW5FlrTGn6lWwWj28G1ZDx9eqI9p</latexit>
80
<latexit sha1_base64="pZzdhht5zWIZQd3+ORrfyEB1mv8=">AAACxXicjVHLSsNAFD 2Nr1pfVZdugkVwVdJasMuCC11WsQ+oRZLptA7Ni2RSKEX8Abf6a+If6F94Z5yCWkQnJDlz7j1n5t7rxb5IpeO85qyl5ZXVtfx6YWNza3unuLvXTqMsYbzFIj9Kup6bcl+EvCWF9Hk3Tr gbeD7veOMzFe9MeJKKKLyW05j3A3cUiqFgriTqqu7cFktO2dHLXgQVA0owqxkVX3CDASIwZAjAEUIS9uEipaeHChzExPUxIy4hJHSc4x4F0maUxSnDJXZM3xHteoYNaa88U61mdIpPb0 JKG0ekiSgvIaxOs3U8086K/c17pj3V3ab094xXQKzEHbF/6eaZ/9WpWiSGqOsaBNUUa0ZVx4xLpruibm5/qUqSQ0ycwgOKJ4SZVs77bGtNqmtXvXV1/E1nKlbtmcnN8K5uSQOu/BznIm hXy5WTcvWyVmrUzKjzOMAhjmmep2jgAk20yHuIRzzh2Tq3Aktak89UK2c0+/i2rIcPaCyPbQ==</latexit>
160
<latexit sha1_base64="PzV14wZVN2m7Ew42z2g1EHAimTY=">AAACxnicjVHLSsNAFD 2Nr1pfVZdugkVwVZJa1GXBTZcV7QNqkWQ6rUPTJEwmSimCP+BWP038A/0L74wpqEV0QpIz595zZu69fhyIRDnOa85aWFxaXsmvFtbWNza3its7rSRKJeNNFgWR7PhewgMR8qYSKuCdWH Jv7Ae87Y/OdLx9y2UiovBSTWLeG3vDUAwE8xRRF+6xc10sOWXHLHseuBkoIVuNqPiCK/QRgSHFGBwhFOEAHhJ6unDhICauhylxkpAwcY57FEibUhanDI/YEX2HtOtmbEh77ZkYNaNTAn olKW0ckCaiPElYn2abeGqcNfub99R46rtN6O9nXmNiFW6I/Us3y/yvTteiMMCpqUFQTbFhdHUsc0lNV/TN7S9VKXKIidO4T3FJmBnlrM+20SSmdt1bz8TfTKZm9Z5luSne9S1pwO7Pcc 6DVqXsHpUr59VSrZqNOo897OOQ5nmCGupooEneQzziCc9W3Qqt1Lr7TLVymWYX35b18AH97o+m</latexit>
b1
<latexit sha1_base64="dpVFjj4nsZVs49qNTI3CkvX3ygc=">AAACyHicjVHLSsNAFD 2Nr1pfVZduglVwFSaxVbsruBFXFawKWkqSjnVoXiQTpRQ3/oBb/TLxD/QvvDOmoIuiE5LcOfecM3Pv9ZJAZJKx95IxMzs3v1BerCwtr6yuVdc3LrI4T33e8eMgTq88N+OBiHhHChnwqy TlbugF/NIbHqv85T1PMxFH53KU8G7oDiJxK3xXEtTxdnr2Tq9aYxZzjhp1x2SW02BNu0lBg9nNg7ppW0yvGorVjqtvuEEfMXzkCMERQVIcwEVGzzVsMCSEdTEmLKVI6DzHIyqkzYnFie ESOqTvgHbXBRrRXnlmWu3TKQG9KSlN7JImJl5KsTrN1PlcOyt0mvdYe6q7jejvFV4hoRJ3hP6lmzD/q1O1SNziSNcgqKZEI6o6v3DJdVfUzc0fVUlySAhTcZ/yKcW+Vk76bGpNpmtXvX V1/kMzFar2fsHN8aluSQOeTNGcHlw4lr1vOWdOrXVQjLqMLWxjj+Z5iBZO0EaHvAWe8YJX49RIjAdj9E01SoVmE7+W8fQFdNmQpQ==</latexit>
b2
<latexit sha1_base64="2+621x/nNEZ3uygzZ0GsURfOPRs=">AAACyHicjVHLSsNAFD 2Nr1pfVZduglVwFSaxre2u4EZcVbC1oCJJHOvQvEgmSilu/AG3+mXiH+hfeGdMQReiE5LcOfecM3Pv9ZJAZJKxt5IxMzs3v1BerCwtr6yuVdc3+lmcpz7v+XEQpwPPzXggIt6TQgZ8kK TcDb2An3mjQ5U/u+NpJuLoVI4Tfhm6w0jcCN+VBPW8nStn56paYxZzWo26YzLLabC23aagwex2s27aFtOrhmJ14+orLnCNGD5yhOCIICkO4CKj5xw2GBLCLjEhLKVI6DzHAyqkzYnFie ESOqLvkHbnBRrRXnlmWu3TKQG9KSlN7JImJl5KsTrN1PlcOyv0N++J9lR3G9PfK7xCQiVuCf1LN2X+V6dqkbhBS9cgqKZEI6o6v3DJdVfUzc1vVUlySAhT8TXlU4p9rZz22dSaTNeueu vq/LtmKlTt/YKb40PdkgY8naL5e9B3LHvfck6cWqdZjLqMLWxjj+Z5gA6O0EWPvAWe8IwX49hIjHtj/EU1SoVmEz+W8fgJdzqQpg==</latexit>
b3
<latexit sha1_base64="RGgwMWvwzNsYW7UtqdkoyqTUqkc=">AAACyHicjVHLSsNAFD 2Nr/quunQTbAVXYZJabXcFN+KqgtVCLSWJow7mRTJRSnHjD7jVLxP/QP/CO2MKuig6Icmdc885M/deLwlEJhl7Lxkzs3PzC+XFpeWV1bX1ysbmeRbnqc+7fhzEac9zMx6IiHelkAHvJS l3Qy/gF97dkcpf3PM0E3F0JkcJH4TuTSSuhe9KgrpebVivDStVZjGn2dh3TGY5DdayWxQ0mN062Ddti+lVRbE6ceUNl7hCDB85QnBEkBQHcJHR04cNhoSwAcaEpRQJned4xBJpc2JxYr iE3tH3hnb9Ao1orzwzrfbplIDelJQmdkkTEy+lWJ1m6nyunRU6zXusPdXdRvT3Cq+QUIlbQv/STZj/1alaJK7R1DUIqinRiKrOL1xy3RV1c/NHVZIcEsJUfEX5lGJfKyd9NrUm07Wr3r o6/6GZClV7v+Dm+FS3pAFPpmhOD84dy65bzqlTbR8Uoy5jGzvYo3keoo1jdNAlb4FnvODVODES48EYfVONUqHZwq9lPH0BeZuQpw==</latexit>
b4
<latexit sha1_base64="d1X1rTIKKbBlkWG+w1t4KNlHuRo=">AAACyHicjVHLSsNAFD 2Nr1pfVZdugq3gKkxiW9tdwY24qmBVqCJJOupgXiQTpRQ3/oBb/TLxD/QvvDOmoIuiE5LcOfecM3Pv9ZJAZJKx95IxMzs3v1BerCwtr6yuVdc3TrM4T33e9+MgTs89N+OBiHhfChnw8y TlbugF/My7O1D5s3ueZiKOTuQo4ZehexOJa+G7kqC+V79q1K+qNWYxp91sOCaznCbr2B0KmszutBqmbTG9aihWL66+4QJDxPCRIwRHBElxABcZPQPYYEgIu8SYsJQiofMcj6iQNicWJ4 ZL6B19b2g3KNCI9soz02qfTgnoTUlpYoc0MfFSitVpps7n2lmh07zH2lPdbUR/r/AKCZW4JfQv3YT5X52qReIabV2DoJoSjajq/MIl111RNzd/VCXJISFMxUPKpxT7Wjnps6k1ma5d9d bV+Q/NVKja+wU3x6e6JQ14MkVzenDqWPae5Rw7tW6rGHUZW9jGLs1zH10cooc+eQs84wWvxpGRGA/G6JtqlArNJn4t4+kLe/yQqA==</latexit>
b5
<latexit sha1_base64="vR13YTyKN8Gky7+xApiUnsXLyHE=">AAACyHicjVHLSsNAFD 3GV31XXboJtoKrMIltbXeCG3GlYB9QS0nSqQ6mSUgmSilu/AG3+mXiH+hfeGdMQRdFJyS5c+45Z+be68WBSCVj73PG/MLi0nJhZXVtfWNzq7i900qjLPF504+CKOl4bsoDEfKmFDLgnT jh7sgLeNu7O1X59j1PUhGFV3Ic897IvQnFUPiuJKjplfvVcr9YYhZz6tWKYzLLqbKG3aCgyuxGrWLaFtOrhHxdRMU3XGOACD4yjMARQlIcwEVKTxc2GGLCepgQllAkdJ7jEaukzYjFie ESekffG9p1czSkvfJMtdqnUwJ6E1KaOCBNRLyEYnWaqfOZdlboLO+J9lR3G9Pfy71GhErcEvqXbsr8r07VIjFEXdcgqKZYI6o6P3fJdFfUzc0fVUlyiAlT8YDyCcW+Vk77bGpNqmtXvX V1/kMzFar2fs7N8KluSQOeTtGcHbQcyz6ynEundFLLR13AHvZxSPM8xgnOcIEmeQs84wWvxrkRGw/G+JtqzOWaXfxaxtMXfl2QqQ==</latexit>
b6
<latexit sha1_base64="veBqmdLnuIy168WEK58OCLTKLE4=">AAACyHicjVHLSsNAFD2Nr1pfVZdugq3gKkxiW9tdwY24qmBVqCJJOupgXiQTpRQ3/oBb/TLxD/QvvDOmoIuiE5Lc OfecM3Pv9ZJAZJKx95IxMzs3v1BerCwtr6yuVdc3TrM4T33e9+MgTs89N+OBiHhfChnw8yTlbugF/My7O1D5s3ueZiKOTuQo4ZehexOJa+G7kqC+V79q1a+qNWYxp91sOCaznCbr2B0KmszutBqmbTG9aihWL66+4QJDxPCRIwRHBElxABcZPQPYYEgIu8SYsJQiofMcj6iQNicWJ4ZL6B19b2g3KNCI9soz02qfTgnoTUlpYoc0MfFSitVpps7n2lmh07zH2lPdbUR/r/AKCZW4 JfQv3YT5X52qReIabV2DoJoSjajq/MIl111RNzd/VCXJISFMxUPKpxT7Wjnps6k1ma5d9dbV+Q/NVKja+wU3x6e6JQ14MkVzenDqWPae5Rw7tW6rGHUZW9jGLs1zH10cooc+eQs84wWvxpGRGA/G6JtqlArNJn4t4+kLgL6Qqg==</latexit>
beams
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FIG. 2: Dispersion of the hybridized Rayleigh wave for 3D
beams – dimensionless velocity c/cT versus Ω = ω/ω0 (blue
lines). Dashed red lines show the dispersion produced by the
compressional resonances on their own (fF = 0). For hb = 30
m, there is no bandgap and two branches bn and bn+1 coexist
in a frequency range just below the nth flexural resonance.
For hb = 15 m a bandgap is opened by periodicity (light
blue region in the Brillouin zone) and at hb = 6 m the two
intrinsic bandgaps (light blue region outside of the Brillouin
zone, independent of a) are slightly enlarged by periodicity.
be enlarged by periodicity which imposes β ≥
(
ω0a
picT
)
Ω
(k < pi/a) as seen for hb = 6 m; also, bandgaps solely due
to periodicity can be opened as can be seen for hb = 15
m near Ω = 180. Eventually, in figure 3 we report the
dispersion relation of the elastic SPPs, from (9), for hb =
6 m. As their electromagnetic counterparts, these waves
have bandgaps dictated by the condition fF ≥ 0 hence
the bandgap positions and thicknesses are independent
of the coupling ε and of the slenderness S. As previously
1
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FIG. 3: Dispersion of elastic SPPs, from (9) with out-of-
plane motion for hb = 6 m. Intrinsic band-gaps are opened
due to flexural resonances (light green regions outside of the
Brillouin zone) which are enlarged by periodicity (light green
regions inside the Brillouin zone).
4said, similar waves with out-of-plane displacements have
been reported in the presence of a guiding layer [16], and
they are recovered here in the absence of any guiding
layer.
We now restrict ourselves on to a two-dimensional set-
ting involving arrays of plates. As one would expect, the
coupling of plates with the soil is higher than that of
beams for the same thickness 2rb and the same height hb
(see table II); the slenderness S on the contrary is slightly
lower which is also expected since plates have a higher
flexural rigidity than beams, and this is translated in an
effective lower slenderness, see table I. Accordingly, the
relative positions of the compressional and flexural reso-
nances change and we shall see that this strongly affects
the dispersion of the hybridized Rayleigh waves. We pro-
vide in this case a numerical validation of the dispersion
curves by means of diverging reflection coefficients com-
puted below the sound line k < kT using a multimodal
method [21]. Results are shown in figure 4. The overall
agreement is good for hb = 30 and 15 m although the
condition of zero group velocity at the boundary of the
Brillouin zone (vertical slope ∂β∂Ω = ∞) produces more
or less pronounced shifts of the branches to lower fre-
quencies [22]. For hb = 6 m, the agreement is good up
to Ω ∼ 50 which can be partially attributed to other
resonances and in particular that of an edge mode for
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FIG. 4: Dispersion of the hybridized Rayleigh wave for 2D
plates – The dispersion relations are obtained numerically in
the actual problems by means of the divergence of the reflec-
tion coefficient (in logarithmic color scale with maxima in red,
arbitrary scales have been used). Dashed blue lines show the
dispersion from (8), red vertical arrows for hb = 15 m and 6
m indicate the occurence of compressional resonances.
√
ρb
Eb
ωhb ' 2.32 (Ω = 91) [23].
The ellipticity χ of surface waves of the Rayleigh type
(or H/V for horizontal to vertical ratio) characterizes
the displacements at the soil surface, namely χ = a/b for
displacement at z = 0 of the form un = a cos(k ·x−ωt),
uz = b sin(k · x− ωt) and it is an important indicator of
the ground motion. From (8), it reads
χ =
αTβ
2 + εβfC(αLαT − 1)
2αLαT − (1 + α2T)
=
2αLαT − (1 + α2T)
β2αL + εβfF(αLαT − 1) ,
(10)
whose variations versus Ω are reported in figure 5 for
hb = 15 m (in the case of beams and plates). In the re-
ported cases, the branches bn, n = 1 to 5, are below the
first compressional resonance. Making use of (10) along
with (8), these branches have 3 typical points: (i) the
starting point (β = 1) for which χ = εfC which increases
when n = 1, · · · , 5 increases as fC does; (ii) the frequency
at which the wave motion transitions from prograde to
retrograde with χ = 0 when fF → ∞ and this is con-
sistent with (4) which predicts un = 0 at the flexural
resonances, (iii) the ending point for β → 0 resulting in
χ = −1/ξ for any branch. Next the branch b6 appears
just before the longitudinal resonance where fC → ∞
imposes uz = 0. It results high values of χ in the neigh-
borhood of the singularity and it is worth noting that
this affects a branch which is dictated by the interplay
of flexural and compressional resonances (this branch is
missed if flexural motions are disregarded). For compari-
son, we have computed numerically the displacements at
0
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E
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 
<latexit sha1_base64="cyL0huAEqG4AEU/U9QBuNlMwrk0="></latexit>
10
<latexit sha1_base64="y/nQ89LCZQjURTaqMgG17h629Ys=">AAACxXicjVHLSsN AFD2Nr/quunQTLIKrktSCLgsudFnFPqAWSdJpHZoXk0mhFPEH3OqviX+gf+GdcQpqEZ2Q5My595yZe6+fhjyTjvNasBYWl5ZXiqtr6xubW9ulnd1WluQiYM0gCRPR8b2MhTx mTcllyDqpYF7kh6ztj85UvD1mIuNJfC0nKetF3jDmAx54kqgr17ktlZ2Ko5c9D1wDyjCrkZRecIM+EgTIEYEhhiQcwkNGTxcuHKTE9TAlThDiOs5wjzXS5pTFKMMjdkTfIe2 6ho1przwzrQ7olJBeQUobh6RJKE8QVqfZOp5rZ8X+5j3VnupuE/r7xisiVuKO2L90s8z/6lQtEgOc6ho41ZRqRlUXGJdcd0Xd3P5SlSSHlDiF+xQXhAOtnPXZ1ppM16566+n 4m85UrNoHJjfHu7olDdj9Oc550KpW3ONK9bJWrtfMqIvYxwGOaJ4nqOMCDTTJe4BHPOHZOrciS1rjz1SrYDR7+Lashw9XhY9m</latexit>
10
<latexit sha1_base64="y/nQ89LCZQjURTaqMgG17h629Ys=">AAACxXicjVHLSsN AFD2Nr/quunQTLIKrktSCLgsudFnFPqAWSdJpHZoXk0mhFPEH3OqviX+gf+GdcQpqEZ2Q5My595yZe6+fhjyTjvNasBYWl5ZXiqtr6xubW9ulnd1WluQiYM0gCRPR8b2MhTx mTcllyDqpYF7kh6ztj85UvD1mIuNJfC0nKetF3jDmAx54kqgr17ktlZ2Ko5c9D1wDyjCrkZRecIM+EgTIEYEhhiQcwkNGTxcuHKTE9TAlThDiOs5wjzXS5pTFKMMjdkTfIe2 6ho1przwzrQ7olJBeQUobh6RJKE8QVqfZOp5rZ8X+5j3VnupuE/r7xisiVuKO2L90s8z/6lQtEgOc6ho41ZRqRlUXGJdcd0Xd3P5SlSSHlDiF+xQXhAOtnPXZ1ppM16566+n 4m85UrNoHJjfHu7olDdj9Oc550KpW3ONK9bJWrtfMqIvYxwGOaJ4nqOMCDTTJe4BHPOHZOrciS1rjz1SrYDR7+Lashw9XhY9m</latexit>
20
<latexit sha1_base64="SflTH/N0tfWVuookbJjETVS15fM=">AAACxXicjVHLSsN AFD2Nr/quunQTLIKrktSCLgsudFnFPqAWSabTOjQvJpNCKeIPuNVfE/9A/8I7YwpqEZ2Q5My595yZe6+fBCJVjvNasBYWl5ZXiqtr6xubW9ulnd1WGmeS8SaLg1h2fC/lgYh 4UwkV8E4iuRf6AW/7ozMdb4+5TEUcXatJwnuhN4zEQDBPEXVVdW5LZafimGXPAzcHZeSrEZdecIM+YjBkCMERQREO4CGlpwsXDhLiepgSJwkJE+e4xxppM8rilOERO6LvkHb dnI1orz1To2Z0SkCvJKWNQ9LElCcJ69NsE8+Ms2Z/854aT323Cf393CskVuGO2L90s8z/6nQtCgOcmhoE1ZQYRlfHcpfMdEXf3P5SlSKHhDiN+xSXhJlRzvpsG01qate99Uz 8zWRqVu9ZnpvhXd+SBuz+HOc8aFUr7nGlelkr12v5qIvYxwGOaJ4nqOMCDTTJe4BHPOHZOrdCS1njz1SrkGv28G1ZDx9Z5o9n</latexit>
0
<latexit sha1_base64="5mYUOUymVgUg3BFR6u8Av/Go1nA=">AAACxHicjVHLSsN AFD2Nr1pfVZdugkVwVZJa0GVBEJct2AfUIsl0WofmxWQilKI/4Fa/TfwD/QvvjCmoRXRCkjPn3nNm7r1+EohUOc5rwVpaXlldK66XNja3tnfKu3udNM4k420WB7Hs+V7KAxH xthIq4L1Eci/0A971J+c63r3jMhVxdKWmCR+E3jgSI8E8RVTLuSlXnKpjlr0I3BxUkK9mXH7BNYaIwZAhBEcERTiAh5SePlw4SIgbYEacJCRMnOMeJdJmlMUpwyN2Qt8x7fo 5G9Fee6ZGzeiUgF5JShtHpIkpTxLWp9kmnhlnzf7mPTOe+m5T+vu5V0iswi2xf+nmmf/V6VoURjgzNQiqKTGMro7lLpnpir65/aUqRQ4JcRoPKS4JM6Oc99k2mtTUrnvrmfi bydSs3rM8N8O7viUN2P05zkXQqVXdk2qtVa806vmoizjAIY5pnqdo4BJNtI33I57wbF1YgZVa2WeqVcg1+/i2rIcPvSWPKw==</latexit>
 5
<latexit sha1_base64="UKdLefnZ15/H9Ks6/kj+y4P62C8=">AAACxXicjVHLSsN AFD2Nr1pfVZdugkVwY0m1osuCC11WsQ+oRZLptA7Ni8mkUIr4A27118Q/0L/wzpiCWkQnJDlz7j1n5t7rxb5IlOO85qy5+YXFpfxyYWV1bX2juLnVTKJUMt5gkR/Jtucm3Bc hbyihfN6OJXcDz+ctb3im460Rl4mIwms1jnk3cAeh6AvmKqKuDo5viyWn7Jhlz4JKBkrIVj0qvuAGPURgSBGAI4Qi7MNFQk8HFTiIietiQpwkJEyc4x4F0qaUxSnDJXZI3wH tOhkb0l57JkbN6BSfXklKG3ukiShPEtan2SaeGmfN/uY9MZ76bmP6e5lXQKzCHbF/6aaZ/9XpWhT6ODU1CKopNoyujmUuqemKvrn9pSpFDjFxGvcoLgkzo5z22TaaxNSue+u a+JvJ1Kzesyw3xbu+JQ248nOcs6B5WK4clQ8vq6VaNRt1HjvYxT7N8wQ1XKCOBnn38YgnPFvnVmApa/SZauUyzTa+LevhA1nhj2c=</latexit>
 5
<latexit sha1_base64="UKdLefnZ15/H9Ks6/kj+y4P62C8=">AAACxXicjVHLSsN AFD2Nr1pfVZdugkVwY0m1osuCC11WsQ+oRZLptA7Ni8mkUIr4A27118Q/0L/wzpiCWkQnJDlz7j1n5t7rxb5IlOO85qy5+YXFpfxyYWV1bX2juLnVTKJUMt5gkR/Jtucm3Bc hbyihfN6OJXcDz+ctb3im460Rl4mIwms1jnk3cAeh6AvmKqKuDo5viyWn7Jhlz4JKBkrIVj0qvuAGPURgSBGAI4Qi7MNFQk8HFTiIietiQpwkJEyc4x4F0qaUxSnDJXZI3wH tOhkb0l57JkbN6BSfXklKG3ukiShPEtan2SaeGmfN/uY9MZ76bmP6e5lXQKzCHbF/6aaZ/9XpWhT6ODU1CKopNoyujmUuqemKvrn9pSpFDjFxGvcoLgkzo5z22TaaxNSue+u a+JvJ1Kzesyw3xbu+JQ248nOcs6B5WK4clQ8vq6VaNRt1HjvYxT7N8wQ1XKCOBnn38YgnPFvnVmApa/SZauUyzTa+LevhA1nhj2c=</latexit>
E
ll
ip
ti
ci
ty
 
<latexit sha1_base64="cyL0huAEqG4AEU/U9QBuNlMwrk0="></latexit>
b1
<latexit sha1_base64="dpVFjj4nsZVs49qNTI3CkvX3ygc=">AAACyHicjVHLSsN AFD2Nr1pfVZduglVwFSaxVbsruBFXFawKWkqSjnVoXiQTpRQ3/oBb/TLxD/QvvDOmoIuiE5LcOfecM3Pv9ZJAZJKx95IxMzs3v1BerCwtr6yuVdc3LrI4T33e8eMgTq88N+O BiHhHChnwqyTlbugF/NIbHqv85T1PMxFH53KU8G7oDiJxK3xXEtTxdnr2Tq9aYxZzjhp1x2SW02BNu0lBg9nNg7ppW0yvGorVjqtvuEEfMXzkCMERQVIcwEVGzzVsMCSEdTE mLKVI6DzHIyqkzYnFieESOqTvgHbXBRrRXnlmWu3TKQG9KSlN7JImJl5KsTrN1PlcOyt0mvdYe6q7jejvFV4hoRJ3hP6lmzD/q1O1SNziSNcgqKZEI6o6v3DJdVfUzc0fVUl ySAhTcZ/yKcW+Vk76bGpNpmtXvXV1/kMzFar2fsHN8aluSQOeTNGcHlw4lr1vOWdOrXVQjLqMLWxjj+Z5iBZO0EaHvAWe8YJX49RIjAdj9E01SoVmE7+W8fQFdNmQpQ==</l atexit>
b2
<latexit sha1_base64="2+621x/nNEZ3uygzZ0GsURfOPRs=">AAACyHicjVHLSsN AFD2Nr1pfVZduglVwFSaxre2u4EZcVbC1oCJJHOvQvEgmSilu/AG3+mXiH+hfeGdMQReiE5LcOfecM3Pv9ZJAZJKxt5IxMzs3v1BerCwtr6yuVdc3+lmcpz7v+XEQpwPPzXg gIt6TQgZ8kKTcDb2An3mjQ5U/u+NpJuLoVI4Tfhm6w0jcCN+VBPW8nStn56paYxZzWo26YzLLabC23aagwex2s27aFtOrhmJ14+orLnCNGD5yhOCIICkO4CKj5xw2GBLCLjE hLKVI6DzHAyqkzYnFieESOqLvkHbnBRrRXnlmWu3TKQG9KSlN7JImJl5KsTrN1PlcOyv0N++J9lR3G9PfK7xCQiVuCf1LN2X+V6dqkbhBS9cgqKZEI6o6v3DJdVfUzc1vVUl ySAhT8TXlU4p9rZz22dSaTNeueuvq/LtmKlTt/YKb40PdkgY8naL5e9B3LHvfck6cWqdZjLqMLWxjj+Z5gA6O0EWPvAWe8IwX49hIjHtj/EU1SoVmEz+W8fgJdzqQpg==</l atexit>
b3
<latexit sha1_base64="RGgwMWvwzNsYW7UtqdkoyqTUqkc=">AAACyHicjVHLSsN AFD2Nr/quunQTbAVXYZJabXcFN+KqgtVCLSWJow7mRTJRSnHjD7jVLxP/QP/CO2MKuig6Icmdc885M/deLwlEJhl7Lxkzs3PzC+XFpeWV1bX1ysbmeRbnqc+7fhzEac9zMx6 IiHelkAHvJSl3Qy/gF97dkcpf3PM0E3F0JkcJH4TuTSSuhe9KgrpebVivDStVZjGn2dh3TGY5DdayWxQ0mN062Ddti+lVRbE6ceUNl7hCDB85QnBEkBQHcJHR04cNhoSwAca EpRQJned4xBJpc2JxYriE3tH3hnb9Ao1orzwzrfbplIDelJQmdkkTEy+lWJ1m6nyunRU6zXusPdXdRvT3Cq+QUIlbQv/STZj/1alaJK7R1DUIqinRiKrOL1xy3RV1c/NHVZI cEsJUfEX5lGJfKyd9NrUm07Wr3ro6/6GZClV7v+Dm+FS3pAFPpmhOD84dy65bzqlTbR8Uoy5jGzvYo3keoo1jdNAlb4FnvODVODES48EYfVONUqHZwq9lPH0BeZuQpw==</l atexit>
b4
<latexit sha1_base64="d1X1rTIKKbBlkWG+w1t4KNlHuRo=">AAACyHicjVHLSsN AFD2Nr1pfVZdugq3gKkxiW9tdwY24qmBVqCJJOupgXiQTpRQ3/oBb/TLxD/QvvDOmoIuiE5LcOfecM3Pv9ZJAZJKx95IxMzs3v1BerCwtr6yuVdc3TrM4T33e9+MgTs89N+O BiHhfChnw8yTlbugF/My7O1D5s3ueZiKOTuQo4ZehexOJa+G7kqC+V79q1K+qNWYxp91sOCaznCbr2B0KmszutBqmbTG9aihWL66+4QJDxPCRIwRHBElxABcZPQPYYEgIu8S YsJQiofMcj6iQNicWJ4ZL6B19b2g3KNCI9soz02qfTgnoTUlpYoc0MfFSitVpps7n2lmh07zH2lPdbUR/r/AKCZW4JfQv3YT5X52qReIabV2DoJoSjajq/MIl111RNzd/VCX JISFMxUPKpxT7Wjnps6k1ma5d9dbV+Q/NVKja+wU3x6e6JQ14MkVzenDqWPae5Rw7tW6rGHUZW9jGLs1zH10cooc+eQs84wWvxpGRGA/G6JtqlArNJn4t4+kLe/yQqA==</l atexit>
b5
<latexit sha1_base64="vR13YTyKN8Gky7+xApiUnsXLyHE=">AAACyHicjVHLSsN AFD3GV31XXboJtoKrMIltbXeCG3GlYB9QS0nSqQ6mSUgmSilu/AG3+mXiH+hfeGdMQRdFJyS5c+45Z+be68WBSCVj73PG/MLi0nJhZXVtfWNzq7i900qjLPF504+CKOl4bso DEfKmFDLgnTjh7sgLeNu7O1X59j1PUhGFV3Ic897IvQnFUPiuJKjplfvVcr9YYhZz6tWKYzLLqbKG3aCgyuxGrWLaFtOrhHxdRMU3XGOACD4yjMARQlIcwEVKTxc2GGLCepg QllAkdJ7jEaukzYjFieESekffG9p1czSkvfJMtdqnUwJ6E1KaOCBNRLyEYnWaqfOZdlboLO+J9lR3G9Pfy71GhErcEvqXbsr8r07VIjFEXdcgqKZYI6o6P3fJdFfUzc0fVUl yiAlT8YDyCcW+Vk77bGpNqmtXvXV1/kMzFar2fs7N8KluSQOeTtGcHbQcyz6ynEundFLLR13AHvZxSPM8xgnOcIEmeQs84wWvxrkRGw/G+JtqzOWaXfxaxtMXfl2QqQ==</l atexit>
beams
<latexit sha1_base64="aClKSI90MhfPUgaOKBuxLMvi71c=">AAACyHicjVHLSsN AFD3GV62vqks3wSK4KkkVdFlwI64qmLZQiyTptA7Ni8xEKcWNP+BWv0z8A/0L74xTUIvohCRnzj3nzNyZIIu4kI7zOmfNLywuLZdWyqtr6xubla3tlkiLPGRemEZp3gl8wSK eME9yGbFOljM/DiLWDkanqt6+ZbngaXIpxxnrxf4w4QMe+pIoLyCpuK5UnZqjhz0LXAOqMKOZVl5whT5ShCgQgyGBJBzBh6CnCxcOMuJ6mBCXE+K6znCPMnkLUjFS+MSO6Du kWdewCc1VptDukFaJ6M3JaWOfPCnpcsJqNVvXC52s2N+yJzpT7W1M/8BkxcRK3BD7l2+q/K9P9SIxwInugVNPmWZUd6FJKfSpqJ3bX7qSlJARp3Cf6jnhUDun52xrj9C9q7P 1df1NKxWr5qHRFnhXu6QLdn9e5yxo1WvuYa1+Ua82jsxVl7CLPRzQfR6jgTM04VE2xyOe8GydW5l1Z40/pdac8ezg27AePgC4wpEp</latexit>
plates
<latexit sha1_base64="fBOccO/CAf5f+vrwXYtw5se3jfQ=">AAACyXicjVHLSsN AFD2Nr1pfVZdugkVwVZIq6LLgRnBTwT6gFplMpzU2TWJmItbiyh9wqz8m/oH+hXfGFNQiOiHJmXPvOTP3Xi8OfKkc5zVnzczOzS/kFwtLyyura8X1jYaM0oSLOo+CKGl5TIr AD0Vd+SoQrTgRbOgFoukNjnS8eSMS6UfhmRrFojNk/dDv+ZwpohpxwJSQF8WSU3bMsqeBm4ESslWLii84RxcROFIMIRBCEQ7AIOlpw4WDmLgOxsQlhHwTF7hHgbQpZQnKYMQ O6NunXTtjQ9prT2nUnE4J6E1IaWOHNBHlJYT1abaJp8ZZs795j42nvtuI/l7mNSRW4ZLYv3STzP/qdC0KPRyaGnyqKTaMro5nLqnpir65/aUqRQ4xcRp3KZ4Q5kY56bNtNNL UrnvLTPzNZGpW73mWm+Jd35IG7P4c5zRoVMruXrlyWilV97NR57GFbezSPA9QxTFqqJP3FR7xhGfrxLq2bq27z1Qrl2k28W1ZDx8TcpG0</latexit>
b6
<latexit sha1_base64="veBqmdLnuIy168WEK58OCLTKLE4=">AAACyHicjVHLSsNAFD2Nr1pfVZdugq3gKkxiW9tdwY24qmBVqCJJOupgXiQTpRQ3/oBb/TLxD/QvvDOmo IuiE5LcOfecM3Pv9ZJAZJKx95IxMzs3v1BerCwtr6yuVdc3TrM4T33e9+MgTs89N+OBiHhfChnw8yTlbugF/My7O1D5s3ueZiKOTuQo4ZehexOJa+G7kqC+V79q1a+qNWYxp91sOCaznCbr2B0KmszutBqmbTG9aihWL66+4QJDxPCRIwRHBElxABcZPQPYYEgIu8SYsJQiofMcj6iQNicWJ4ZL6B19b2g3KNCI9soz02qfTgnoTUlpYoc0MfFSitVpps7n2 lmh07zH2lPdbUR/r/AKCZW4JfQv3YT5X52qReIabV2DoJoSjajq/MIl111RNzd/VCXJISFMxUPKpxT7Wjnps6k1ma5d9dbV+Q/NVKja+wU3x6e6JQ14MkVzenDqWPae5Rw7tW6rGHUZW9jGLs1zH10cooc+eQs84wWvxpGRGA/G6JtqlArNJn4t4+kLgL6Qqg==</latexit>
b6
<latexit sha1_base64="veBqmdLnuIy168WEK58OCLTKLE4=">AAACyHicjVHLSsNAFD2Nr1pfVZdugq3gKkxiW9tdwY24qmBVqCJJOupgXiQTpRQ3/oBb/TLxD/QvvDOmo IuiE5LcOfecM3Pv9ZJAZJKx95IxMzs3v1BerCwtr6yuVdc3TrM4T33e9+MgTs89N+OBiHhfChnw8yTlbugF/My7O1D5s3ueZiKOTuQo4ZehexOJa+G7kqC+V79q1a+qNWYxp91sOCaznCbr2B0KmszutBqmbTG9aihWL66+4QJDxPCRIwRHBElxABcZPQPYYEgIu8SYsJQiofMcj6iQNicWJ4ZL6B19b2g3KNCI9soz02qfTgnoTUlpYoc0MfFSitVpps7n2 lmh07zH2lPdbUR/r/AKCZW4JfQv3YT5X52qReIabV2DoJoSjajq/MIl111RNzd/VCXJISFMxUPKpxT7Wjnps6k1ma5d9dbV+Q/NVKja+wU3x6e6JQ14MkVzenDqWPae5Rw7tW6rGHUZW9jGLs1zH10cooc+eQs84wWvxpGRGA/G6JtqlArNJn4t4+kLgL6Qqg==</latexit>
b1
<latexit sha1_base64="dpVFjj4nsZVs49qNTI3CkvX3ygc=">AAACyHicjVHLSsN AFD2Nr1pfVZduglVwFSaxVbsruBFXFawKWkqSjnVoXiQTpRQ3/oBb/TLxD/QvvDOmoIuiE5LcOfecM3Pv9ZJAZJKx95IxMzs3v1BerCwtr6yuVdc3LrI4T33e8eMgTq88N+O BiHhHChnwqyTlbugF/NIbHqv85T1PMxFH53KU8G7oDiJxK3xXEtTxdnr2Tq9aYxZzjhp1x2SW02BNu0lBg9nNg7ppW0yvGorVjqtvuEEfMXzkCMERQVIcwEVGzzVsMCSEdTE mLKVI6DzHIyqkzYnFieESOqTvgHbXBRrRXnlmWu3TKQG9KSlN7JImJl5KsTrN1PlcOyt0mvdYe6q7jejvFV4hoRJ3hP6lmzD/q1O1SNziSNcgqKZEI6o6v3DJdVfUzc0fVUl ySAhTcZ/yKcW+Vk76bGpNpmtXvXV1/kMzFar2fsHN8aluSQOeTNGcHlw4lr1vOWdOrXVQjLqMLWxjj+Z5iBZO0EaHvAWe8YJX49RIjAdj9E01SoVmE7+W8fQFdNmQpQ==</l atexit>
b2
<latexit sha1_base64="2+621x/nNEZ3uygzZ0GsURfOPRs=">AAACyHicjVHLSsN AFD2Nr1pfVZduglVwFSaxre2u4EZcVbC1oCJJHOvQvEgmSilu/AG3+mXiH+hfeGdMQReiE5LcOfecM3Pv9ZJAZJKxt5IxMzs3v1BerCwtr6yuVdc3+lmcpz7v+XEQpwPPzXg gIt6TQgZ8kKTcDb2An3mjQ5U/u+NpJuLoVI4Tfhm6w0jcCN+VBPW8nStn56paYxZzWo26YzLLabC23aagwex2s27aFtOrhmJ14+orLnCNGD5yhOCIICkO4CKj5xw2GBLCLjE hLKVI6DzHAyqkzYnFieESOqLvkHbnBRrRXnlmWu3TKQG9KSlN7JImJl5KsTrN1PlcOyv0N++J9lR3G9PfK7xCQiVuCf1LN2X+V6dqkbhBS9cgqKZEI6o6v3DJdVfUzc1vVUl ySAhT8TXlU4p9rZz22dSaTNeueuvq/LtmKlTt/YKb40PdkgY8naL5e9B3LHvfck6cWqdZjLqMLWxjj+Z5gA6O0EWPvAWe8IwX49hIjHtj/EU1SoVmEz+W8fgJdzqQpg==</l atexit>
b3
<latexit sha1_base64="RGgwMWvwzNsYW7UtqdkoyqTUqkc=">AAACyHicjVHLSsN AFD2Nr/quunQTbAVXYZJabXcFN+KqgtVCLSWJow7mRTJRSnHjD7jVLxP/QP/CO2MKuig6Icmdc885M/deLwlEJhl7Lxkzs3PzC+XFpeWV1bX1ysbmeRbnqc+7fhzEac9zMx6 IiHelkAHvJSl3Qy/gF97dkcpf3PM0E3F0JkcJH4TuTSSuhe9KgrpebVivDStVZjGn2dh3TGY5DdayWxQ0mN062Ddti+lVRbE6ceUNl7hCDB85QnBEkBQHcJHR04cNhoSwAca EpRQJned4xBJpc2JxYriE3tH3hnb9Ao1orzwzrfbplIDelJQmdkkTEy+lWJ1m6nyunRU6zXusPdXdRvT3Cq+QUIlbQv/STZj/1alaJK7R1DUIqinRiKrOL1xy3RV1c/NHVZI cEsJUfEX5lGJfKyd9NrUm07Wr3ro6/6GZClV7v+Dm+FS3pAFPpmhOD84dy65bzqlTbR8Uoy5jGzvYo3keoo1jdNAlb4FnvODVODES48EYfVONUqHZwq9lPH0BeZuQpw==</l atexit>
b4
<latexit sha1_base64="d1X1rTIKKbBlkWG+w1t4KNlHuRo=">AAACyHicjVHLSsN AFD2Nr1pfVZdugq3gKkxiW9tdwY24qmBVqCJJOupgXiQTpRQ3/oBb/TLxD/QvvDOmoIuiE5LcOfecM3Pv9ZJAZJKx95IxMzs3v1BerCwtr6yuVdc3TrM4T33e9+MgTs89N+O BiHhfChnw8yTlbugF/My7O1D5s3ueZiKOTuQo4ZehexOJa+G7kqC+V79q1K+qNWYxp91sOCaznCbr2B0KmszutBqmbTG9aihWL66+4QJDxPCRIwRHBElxABcZPQPYYEgIu8S YsJQiofMcj6iQNicWJ4ZL6B19b2g3KNCI9soz02qfTgnoTUlpYoc0MfFSitVpps7n2lmh07zH2lPdbUR/r/AKCZW4JfQv3YT5X52qReIabV2DoJoSjajq/MIl111RNzd/VCX JISFMxUPKpxT7Wjnps6k1ma5d9dbV+Q/NVKja+wU3x6e6JQ14MkVzenDqWPae5Rw7tW6rGHUZW9jGLs1zH10cooc+eQs84wWvxpGRGA/G6JtqlArNJn4t4+kLe/yQqA==</l atexit>
b5
<latexit sha1_base64="vR13YTyKN8Gky7+xApiUnsXLyHE=">AAACyHicjVHLSsN AFD3GV31XXboJtoKrMIltbXeCG3GlYB9QS0nSqQ6mSUgmSilu/AG3+mXiH+hfeGdMQRdFJyS5c+45Z+be68WBSCVj73PG/MLi0nJhZXVtfWNzq7i900qjLPF504+CKOl4bso DEfKmFDLgnTjh7sgLeNu7O1X59j1PUhGFV3Ic897IvQnFUPiuJKjplfvVcr9YYhZz6tWKYzLLqbKG3aCgyuxGrWLaFtOrhHxdRMU3XGOACD4yjMARQlIcwEVKTxc2GGLCepg QllAkdJ7jEaukzYjFieESekffG9p1czSkvfJMtdqnUwJ6E1KaOCBNRLyEYnWaqfOZdlboLO+J9lR3G9Pfy71GhErcEvqXbsr8r07VIjFEXdcgqKZYI6o6P3fJdFfUzc0fVUl yiAlT8YDyCcW+Vk77bGpNqmtXvXV1/kMzFar2fs7N8KluSQOeTtGcHbQcyz6ynEundFLLR13AHvZxSPM8xgnOcIEmeQs84wWvxrkRGw/G+JtqzOWaXfxaxtMXfl2QqQ==</l atexit>
⌦<latexit sha1_base64="w30CKn2MFcOXlQRI9A4BOPZI2E8=">AAACyXicjVHLSsN AFD2Nr1pfVZdugkVwVZIq2GXBjeDCCvYBrcgkndaxeZlMxFpc+QNu9cfEP9C/8M6YglpEJyQ5c+49Z+be60SeSKRlveaMmdm5+YX8YmFpeWV1rbi+0UzCNHZ5ww29MG47LOG eCHhDCunxdhRz5jsebznDQxVv3fA4EWFwJkcRP/fZIBB94TJJVLN74vMBuyiWrLKllzkN7AyUkK16WHxBFz2EcJHCB0cASdgDQ0JPBzYsRMSdY0xcTEjoOMc9CqRNKYtTBiN 2SN8B7ToZG9BeeSZa7dIpHr0xKU3skCakvJiwOs3U8VQ7K/Y377H2VHcb0d/JvHxiJS6J/Us3yfyvTtUi0UdV1yCopkgzqjo3c0l1V9TNzS9VSXKIiFO4R/GYsKuVkz6bWpP o2lVvmY6/6UzFqr2b5aZ4V7ekAds/xzkNmpWyvVeunO6XatVs1HlsYRu7NM8D1HCEOhrkfYVHPOHZODaujVvj7jPVyGWaTXxbxsMHcueRdg==</latexit>
0
<latexit sha1_base64="5mYUOUymVgUg3BFR6u8Av/Go1nA=">AAACxHicjVHLSsN AFD2Nr1pfVZdugkVwVZJa0GVBEJct2AfUIsl0WofmxWQilKI/4Fa/TfwD/QvvjCmoRXRCkjPn3nNm7r1+EohUOc5rwVpaXlldK66XNja3tnfKu3udNM4k420WB7Hs+V7KAxH xthIq4L1Eci/0A971J+c63r3jMhVxdKWmCR+E3jgSI8E8RVTLuSlXnKpjlr0I3BxUkK9mXH7BNYaIwZAhBEcERTiAh5SePlw4SIgbYEacJCRMnOMeJdJmlMUpwyN2Qt8x7fo 5G9Fee6ZGzeiUgF5JShtHpIkpTxLWp9kmnhlnzf7mPTOe+m5T+vu5V0iswi2xf+nmmf/V6VoURjgzNQiqKTGMro7lLpnpir65/aUqRQ4JcRoPKS4JM6Oc99k2mtTUrnvrmfi bydSs3rM8N8O7viUN2P05zkXQqVXdk2qtVa806vmoizjAIY5pnqdo4BJNtI33I57wbF1YgZVa2WeqVcg1+/i2rIcPvSWPKw==</latexit>
120
<latexit sha1_base64="7LuB57jKD7h/rc2wwC+IXTGITXQ=">AAACxnicjVHLSsN AFD3GV62vqks3wSK4Kkkt6LLgpsuK9gG1SDKd1tC8mEyUUgR/wK1+mvgH+hfeGaegFtEJSc6ce8+Zuff6aRhk0nFeF6zFpeWV1cJacX1jc2u7tLPbzpJcMN5iSZiIru9lPAx i3pKBDHk3FdyL/JB3/PGZinduuciCJL6Uk5T3I28UB8OAeZKoC7fqXJfKTsXRy54HrgFlmNVMSi+4wgAJGHJE4IghCYfwkNHTgwsHKXF9TIkThAId57hHkbQ5ZXHK8Igd03d Eu55hY9orz0yrGZ0S0itIaeOQNAnlCcLqNFvHc+2s2N+8p9pT3W1Cf994RcRK3BD7l26W+V+dqkViiFNdQ0A1pZpR1THjkuuuqJvbX6qS5JASp/CA4oIw08pZn22tyXTtqre ejr/pTMWqPTO5Od7VLWnA7s9xzoN2teIeV6rntXK9ZkZdwD4OcETzPEEdDTTRIu8RHvGEZ6thxVZu3X2mWgtGs4dvy3r4APRqj6I=</latexit>
200
<latexit sha1_base64="c/l8MyrOBhDudVWeekSluhmkvBo=">AAACxnicjVHLSsNAFD3GV62vqks3wSK4Kkkt6LLgpsuK9gG1SDKd1tC8mEyUUgR/wK1+mvgH+hfeGaegF tEJSc6ce8+Zuff6aRhk0nFeF6zFpeWV1cJacX1jc2u7tLPbzpJcMN5iSZiIru9lPAxi3pKBDHk3FdyL/JB3/PGZinduuciCJL6Uk5T3I28UB8OAeZKoi6rjXJfKTsXRy54HrgFlmNVMSi+4wgAJGHJE4IghCYfwkNHTgwsHKXF9TIkThAId57hHkbQ5ZXHK8Igd03dEu55hY9orz0yrGZ0S0itIaeOQNAnlCcLqNFvHc+2s2N+8p9pT3W1Cf994RcRK3BD7l 26W+V+dqkViiFNdQ0A1pZpR1THjkuuuqJvbX6qS5JASp/CA4oIw08pZn22tyXTtqreejr/pTMWqPTO5Od7VLWnA7s9xzoN2teIeV6rntXK9ZkZdwD4OcETzPEEdDTTRIu8RHvGEZ6thxVZu3X2mWgtGs4dvy3r4APIKj6E=</latexit>40
<latexit sha1_base64="NFm6n7skeVznEdNxecuzTaDDMS8=">AAACxXicjVHLSsN AFD2Nr/quunQTLIKrktSCLgsudFnFPqAWSabTGpoXk0mhFPEH3OqviX+gf+GdcQpqEZ2Q5My595yZe6+fhkEmHee1YC0sLi2vFFfX1jc2t7ZLO7utLMkF402WhIno+F7GwyD mTRnIkHdSwb3ID3nbH52peHvMRRYk8bWcpLwXecM4GATMk0Rd1ZzbUtmpOHrZ88A1oAyzGknpBTfoIwFDjggcMSThEB4yerpw4SAlrocpcYJQoOMc91gjbU5ZnDI8Ykf0HdK ua9iY9soz02pGp4T0ClLaOCRNQnmCsDrN1vFcOyv2N++p9lR3m9DfN14RsRJ3xP6lm2X+V6dqkRjgVNcQUE2pZlR1zLjkuivq5vaXqiQ5pMQp3Ke4IMy0ctZnW2syXbvqraf jbzpTsWrPTG6Od3VLGrD7c5zzoFWtuMeV6mWtXK+ZURexjwMc0TxPUMcFGmiS9wCPeMKzdW5FlrTGn6lWwWj28G1ZDx9eqI9p</latexit>
80
<latexit sha1_base64="pZzdhht5zWIZQd3+ORrfyEB1mv8=">AAACxXicjVHLSsN AFD2Nr1pfVZdugkVwVdJasMuCC11WsQ+oRZLptA7Ni2RSKEX8Abf6a+If6F94Z5yCWkQnJDlz7j1n5t7rxb5IpeO85qyl5ZXVtfx6YWNza3unuLvXTqMsYbzFIj9Kup6bcl+ EvCWF9Hk3TrgbeD7veOMzFe9MeJKKKLyW05j3A3cUiqFgriTqqu7cFktO2dHLXgQVA0owqxkVX3CDASIwZAjAEUIS9uEipaeHChzExPUxIy4hJHSc4x4F0maUxSnDJXZM3xH teoYNaa88U61mdIpPb0JKG0ekiSgvIaxOs3U8086K/c17pj3V3ab094xXQKzEHbF/6eaZ/9WpWiSGqOsaBNUUa0ZVx4xLpruibm5/qUqSQ0ycwgOKJ4SZVs77bGtNqmtXvXV 1/E1nKlbtmcnN8K5uSQOu/BznImhXy5WTcvWyVmrUzKjzOMAhjmmep2jgAk20yHuIRzzh2Tq3Aktak89UK2c0+/i2rIcPaCyPbQ==</latexit>
160
<latexit sha1_base64="PzV14wZVN2m7Ew42z2g1EHAimTY=">AAACxnicjVHLSsN AFD2Nr1pfVZdugkVwVZJa1GXBTZcV7QNqkWQ6rUPTJEwmSimCP+BWP038A/0L74wpqEV0QpIz595zZu69fhyIRDnOa85aWFxaXsmvFtbWNza3its7rSRKJeNNFgWR7PhewgM R8qYSKuCdWHJv7Ae87Y/OdLx9y2UiovBSTWLeG3vDUAwE8xRRF+6xc10sOWXHLHseuBkoIVuNqPiCK/QRgSHFGBwhFOEAHhJ6unDhICauhylxkpAwcY57FEibUhanDI/YEX2 HtOtmbEh77ZkYNaNTAnolKW0ckCaiPElYn2abeGqcNfub99R46rtN6O9nXmNiFW6I/Us3y/yvTteiMMCpqUFQTbFhdHUsc0lNV/TN7S9VKXKIidO4T3FJmBnlrM+20SSmdt1 bz8TfTKZm9Z5luSne9S1pwO7Pcc6DVqXsHpUr59VSrZqNOo897OOQ5nmCGupooEneQzziCc9W3Qqt1Lr7TLVymWYX35b18AH97o+m</latexit>
10 3 6
<latexit sha1_base64="SRJ4ESKgMxKGqe/7HfIThgWfodw=">AAAC0HicjVHLTsMwEBzCu7wKHLlEVEhciJzQFnqrxIVjQbQgQUGJMWCRJiFxEKhCiCs/wBW+CvEH8BesTSrBAYGjJOvZmbF3N0hCmSnG3oas4ZHRs fGJydLU9MzsXHl+oZPFecpFm8dhnB4EfiZCGYm2kioUB0kq/F4Qiv3gckvn969Fmsk42lO3iej2/PNInknuK4K6Ljvur63fHfELeVI/KVeYw7zNWtWzmePVWMNtUFBjbqNetV2HmVVBsVpx+RVHOEUMjhw9CERQFIfwkdFzCBcMCWFd9AlLKZImL3CHEmlzYgli+IRe0vecdocFGtFee2ZGzemUkN6UlDZWSBMTL6VYn2abfG6cNfqbd9946rvd0j8ovHqEKlwQ+pduwPyvTteicIZNU4OkmhKD6Op44ZKbruib29+qUuSQEKbjU8qnFHOjHPTZNp rM1K5765v8u2FqVO95wc3xoW9JAx5M0f496HiOu+54O9VKs16MegJLWMYqzXMDTWyjhTZ5X+EJz3ixdq0b6956+KJaQ4VmET+W9fgJ3h2T+Q==</latexit>
10 3 6
<latexit sha1_base64="SRJ4ESKgMxKGqe/7HfIThgWfodw=">AAAC0HicjVHLTsMwEBzCu7wKHLlEVEhciJzQFnqrxIVjQbQgQUGJMWCRJiFxEKhCiCs/wBW+CvEH8BesTSrBAYGjJOvZmbF3N0hCmSnG3oas4ZHRs fGJydLU9MzsXHl+oZPFecpFm8dhnB4EfiZCGYm2kioUB0kq/F4Qiv3gckvn969Fmsk42lO3iej2/PNInknuK4K6Ljvur63fHfELeVI/KVeYw7zNWtWzmePVWMNtUFBjbqNetV2HmVVBsVpx+RVHOEUMjhw9CERQFIfwkdFzCBcMCWFd9AlLKZImL3CHEmlzYgli+IRe0vecdocFGtFee2ZGzemUkN6UlDZWSBMTL6VYn2abfG6cNfqbd9946rvd0j8ovHqEKlwQ+pduwPyvTteicIZNU4OkmhKD6Op44ZKbruib29+qUuSQEKbjU8qnFHOjHPTZNp rM1K5765v8u2FqVO95wc3xoW9JAx5M0f496HiOu+54O9VKs16MegJLWMYqzXMDTWyjhTZ5X+EJz3ixdq0b6956+KJaQ4VmET+W9fgJ3h2T+Q==</latexit>
 0.6
<latexit sha1_base64="1mFIw0b32gNqXRmGpLiWEdICvyY=">AAACx3icjVHLSsN AFD2Nr1pfVZdugkVwY0hrUZcFN7qrYB+gRZLptB2aZkIyKZbiwh9wq38m/oH+hXfGFBQpOiEzd84958zcuX4UiES57lvOWlhcWl7JrxbW1jc2t4rbO81EpjHjDSYDGbd9L+G BCHlDCRXwdhRzb+QHvOUPz3W+NeZxImR4rSYR74y8fih6gnlKQ0euc3JXLLlO1dXD/h2UHbO6JWSjLouvuEUXEgwpRuAIoSgO4CGh7wZluIgI62BKWEyRMHmOBxRImxKLE8M jdEhzn3Y3GRrSXnsmRs3olID+mJQ2DkgjiRdTrE+zTT41zhqd5z01nvpuE1r9zGtEqMKA0L90M+Z/dboWhR7OTA2CaooMoqtjmUtqXkXf3P5WlSKHiDAddykfU8yMcvbOttE kpnb9tp7JvxumRvWeZdwUH/qW1OBZF+35QbPilI+dylW1VKtkrc5jD/s4pH6eooYL1NEg7wGe8IwX69KS1ti6/6JauUyzix/DevwEozCP5A==</latexit>
9.5
<latexit sha1_base64="G9HARWNIb6/eNmlliSV6c4ZQYNY=">AAACxnicjVHLSsN AFD2Nr1pfVZdugkVwFdJaUXcFN11WtA+oRZLptA5NkzCZKKUI/oBb/TTxD/QvvDOmoEjRCZm5c+45Z+bO9eNAJMp133LWwuLS8kp+tbC2vrG5VdzeaSVRKhlvsiiIZMf3Eh6 IkDeVUAHvxJJ7Yz/gbX90rvPtOy4TEYVXahLz3tgbhmIgmKcIujxzjm+KJdepunrYv4OyY1a3hGw0ouIrrtFHBIYUY3CEUBQH8JDQ10UZLmLCepgSJikSJs/xgAJpU2JxYni Ejmge0q6boSHttWdi1IxOCeiXpLRxQJqIeJJifZpt8qlx1ug876nx1Heb0OpnXmNCFW4J/Us3Y/5Xp2tRGODU1CCoptggujqWuaTmVfTN7W9VKXKICdNxn/KSYmaUs3e2jSY xteu39Uz+3TA1qvcs46b40LekBs+6aM8PWhWnfORULqqlWiVrdR572Mch9fMENdTRQJO8h3jCM16suhVaqXX/RbVymWYXP4b1+AklF4+1</latexit>
9.6
<latexit sha1_base64="j9VLRuQIQ7lbqFimrxs/y2MMv54=">AAACxnicjVHLSsN AFD2Nr1pfVZdugkVwFdJafOwKbrqsaB9QiyTTaR2aJmEyUUoR/AG3+mniH+hfeGdMQZGiEzJz59xzzsyd68eBSJTrvuWshcWl5ZX8amFtfWNzq7i900qiVDLeZFEQyY7vJTw QIW8qoQLeiSX3xn7A2/7oXOfbd1wmIgqv1CTmvbE3DMVAME8RdHnmHN8US65TdfWwfwdlx6xuCdloRMVXXKOPCAwpxuAIoSgO4CGhr4syXMSE9TAlTFIkTJ7jAQXSpsTixPA IHdE8pF03Q0Paa8/EqBmdEtAvSWnjgDQR8STF+jTb5FPjrNF53lPjqe82odXPvMaEKtwS+pduxvyvTteiMMCpqUFQTbFBdHUsc0nNq+ib29+qUuQQE6bjPuUlxcwoZ+9sG01 iatdv65n8u2FqVO9Zxk3xoW9JDZ510Z4ftCpO+cipXFRLtUrW6jz2sI9D6ucJaqijgSZ5D/GEZ7xYdSu0Uuv+i2rlMs0ufgzr8RMnd4+2</latexit>
 num
<latexit sha1_base64="8RJbeEKSEJhlHJInwamxJV0Ci+A=">AAAC2nicjVHLSsN AFD2N7/qKiis3wSK4Cmkt6FJw41LBqtBISabTdjAvkolYQjfuxK0/4FY/SPwD/QvvjCkoUnRCZu6ce86ZuXP9JBCZdJy3ijE1PTM7N79QXVxaXlk119bPszhPGW+xOIjTS9/ LeCAi3pJCBvwySbkX+gG/8K+PVP7ihqeZiKMzOUz4Vej1I9ETzJMEdcxNlw1Ex5X8VhauFNHQivJw1DFrjt101LB+B3Vbr04N5TiJzVe46CIGQ44QHBEkxQE8ZPS1UYeDhLA rFISlFAmd5xihStqcWJwYHqHXNPdp1y7RiPbKM9NqRqcE9KektLBDmph4KcXqNEvnc+2s0EnehfZUdxvS6pdeIaESA0L/0o2Z/9WpWiR6ONA1CKop0YiqjpUuuX4VdXPrW1W SHBLCVNylfEox08rxO1tak+na1dt6Ov+umQpVe1Zyc3yoW1KDx120JgfnDbu+ZzdOm7XDRtnqeWxhG7vUz30c4hgnaJF3gSc848VwjTvj3nj4ohqVUrOBH8N4/AStJJiW</l atexit>
 0.6
<latexit sha1_base64="1mFIw0b32gNqXRmGpLiWEdICvyY=">AAACx3icjVHLSsN AFD2Nr1pfVZdugkVwY0hrUZcFN7qrYB+gRZLptB2aZkIyKZbiwh9wq38m/oH+hXfGFBQpOiEzd84958zcuX4UiES57lvOWlhcWl7JrxbW1jc2t4rbO81EpjHjDSYDGbd9L+G BCHlDCRXwdhRzb+QHvOUPz3W+NeZxImR4rSYR74y8fih6gnlKQ0euc3JXLLlO1dXD/h2UHbO6JWSjLouvuEUXEgwpRuAIoSgO4CGh7wZluIgI62BKWEyRMHmOBxRImxKLE8M jdEhzn3Y3GRrSXnsmRs3olID+mJQ2DkgjiRdTrE+zTT41zhqd5z01nvpuE1r9zGtEqMKA0L90M+Z/dboWhR7OTA2CaooMoqtjmUtqXkXf3P5WlSKHiDAddykfU8yMcvbOttE kpnb9tp7JvxumRvWeZdwUH/qW1OBZF+35QbPilI+dylW1VKtkrc5jD/s4pH6eooYL1NEg7wGe8IwX69KS1ti6/6JauUyzix/DevwEozCP5A==</latexit>
 0.3
<latexit sha1_base64="dGCsFHVmBXr6egMgfGbylARdZQ4=">AAACx3icjVHLSsN AFD2Nr1pfVZdugkVwY0gfoMuCG91VsA/QIsl02oammTCZFEtx4Q+41T8T/0D/wjtjCooUnZCZO+eec2buXD8Og0S57lvOWlpeWV3Lrxc2Nre2d4q7e61EpJLxJhOhkB3fS3g YRLypAhXyTiy5N/ZD3vZH5zrfnnCZBCK6VtOYd8feIAr6AfOUhk5cp3pXLLlOzdXD/h2UHbO6JWSjIYqvuEUPAgwpxuCIoCgO4SGh7wZluIgJ62JGmKQoMHmOBxRImxKLE8M jdETzgHY3GRrRXnsmRs3olJB+SUobR6QRxJMU69Nsk0+Ns0YXec+Mp77blFY/8xoTqjAk9C/dnPlfna5FoY8zU0NANcUG0dWxzCU1r6Jvbn+rSpFDTJiOe5SXFDOjnL+zbTS JqV2/rWfy74apUb1nGTfFh74lNXjeRXtx0Ko45apTuaqV6pWs1Xkc4BDH1M9T1HGBBprkPcQTnvFiXVrCmlj3X1Qrl2n28WNYj5+cEI/h</latexit>
 0.2
<latexit sha1_base64="qP3hD6La7tkQkHEMo9GwNvw6V6c=">AAACx3icjVHLSsN AFD2Nr1pfVZdugkVwY0hjQZcFN7qrYB9QiyTptB2aF5NJsRQX/oBb/TPxD/QvvDOmoEjRCZm5c+45Z+bO9ZKAp9K23wrG0vLK6lpxvbSxubW9U97da6VxJnzW9OMgFh3PTVn AI9aUXAaskwjmhl7A2t74QuXbEyZSHkc3cpqwXugOIz7gvisVdGJbzl25Yls1Ww3zd1C19GpXkI9GXH7FLfqI4SNDCIYIkuIALlL6uqjCRkJYDzPCBEVc5xkeUCJtRixGDJf QMc1D2nVzNKK98ky12qdTAvoFKU0ckSYmnqBYnWbqfKadFbrIe6Y91d2mtHq5V0ioxIjQv3Rz5n91qhaJAc51DZxqSjSiqvNzl0y/irq5+a0qSQ4JYSruU15Q7Gvl/J1NrUl 17eptXZ1/10yFqr2fczN8qFtSg+ddNBcHLceqnlrOda1Sd/JWF3GAQxxTP89QxyUaaJL3CE94xotxZcTGxLj/ohqFXLOPH8N4/ASZsI/g</latexit>
29.2
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FIG. 5: Ellipticity χ of the hybridized Rayleigh waves versus
Ω for beams (upper panel) and for plates – Blue lines show χ
from (10), dashed red lines neglecting the flexion (fF = 0 in
(10)). Insets show the deformations in the plates atop the soil
in a single cell, computed numerically and the corresponding
ellipticity χnum (see main text).
5the free surface and in the plates for Ω = 13 (b2), Ω = 50
(coexistence of b3 and b4), Ω = 94 (coexistence of b4
and b5), Ω = 122 (b5) and Ω = 156 (b6). Results, in the
insets of figure 5, show the deformations in the plates
and the corresponding ellipticity χnum. The agreement
with (10) is qualitative which is partly attributable to
the existence of boundary layers at the junction between
the plates and the soil. However they confirm the main
trends of the model, in particular it is noticeable that the
motions in the plates are dominantly horizontal even for
very low ellipticity.
Beams and plates atop a soil substrate impact propa-
gation of seismic waves in a richer way than their acous-
tic counterparts. This is due to a complex interplay be-
tween the compressional and longitudinal resonances and
to their associated spectra. In particular, (i) the disper-
sion of hybridized Rayleigh waves shows a important part
of the spectrum associated with celerities larger than that
of the classical Rayleigh waves; (ii) These waves are as-
sociated with prograde or retrograde motion at the soil
interface with large variations of the ellipticity; (iii) The
existence of an out-of-plane surface wave, with infinite
ellipticity on its own, sheds new light on the analysis of
the displacement components in particular on records of
the ambient noise for which the horizontal displacement
is the sum of the two contributions [24, 25].
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